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Scattering of Longitudinal Elastic 
Waves From an Anisotropic 
Spherical Shell 
An exact solution for scattering of ultrasound from a spherically orthotropic shell is 
presented. The shell is assumed to be embedded in an isotropic elastic medium, and the 
core surrounded by the shell is also assumed to be isotropic. The shell itself is assumed 
to be "spherically orthotropic, "with five independent elastic constants (the spherical 
analog of a transversely isotropic material in Cartesian coordinates). Field equations for 
this material are presented, and these equations are shown to be separable. Working 
with the displacement vector, we find that the radius dependent part of the solution 
satisfies coupled second-order ordinary differential equations. This system of equations 
is soloed using the method of Frobenius, and results in four independent series 
determined by material properties to within a multiplicatiue constant. Use of boundary 
conditions expressed in terms of stresses and displacements at the inner and outer shell 
radii completes the solution. Numerical results for a range of shell elastic constants 
show that this solution matches known analytic results in the special case of isotropy 
and matches previously developed finite difference results for anisotropic elastic 
constants'. The effect of shell anisotropy on far-field scattering amplitude is explored for 
an incident plane longitudinal wave. 
Introduction 
Motivation for this study arises from the profound effect 
that grain boundary composition has on the engineering 
properties of commonly used structural materials. Adverse 
microstructural conditions may be the result of improper 
processing, or may develop during the service life of the 
material, as by radiation embrittlement (Perks et al., 1989). 
Detection and characterization of anomalous grain boundary 
conditions by nondestructive means is of great practical im- 
portance in many major industries uch as shipping, aviation, 
and power generation. 
Previous studies of the effects of thin interface layers on 
discrete scatterers have generally been approximate, replac- 
ing a complete description of the field in the interface layer 
by suitable relationships between traction and displacement 
fields inside and outside the layer. This aspect of the "inclu- 
sion problem" was recently reviewed by Martin (1992), with 
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attention given to several models of an imperfect matrix/in- 
clusion interface. Notable among them are the Baik-Thomp- 
son model (Baik and Thompson, 1984), which includes a 
generalized spring constant and a generalized inertial term to 
relate the jump in traction (displacement) o the average 
displacement ( raction) across the interface layer. For plane 
interfaces, at least, the Balk-Thompson parameters are de- 
rived from the global effect of the interface under quasi-static 
conditions. Rohklin and Wang (1991) present a variation on 
this approach with linear relationships between the jump in 
traction or displacement to the interior traction and displace- 
ment fields. These approximate descriptions of the interface 
layer are well suited to boundary integral equation methods, 
and therefore to obstacles of arbitrary form. 
The spring model for compliant interface layers offers 
computational simplicity, and has been pursued by numerous 
researchers (viz., Kitahara et al., 1990). At the expense of 
complexity, but with considerable improvements in accuracy, 
O(h) models (where h is layer thickness) described by Olsson 
et al. (1990) have been used. Bostr6m et al. (1992a) compare 
exact O(h) and spring model results for spherical scatterers, 
and show that spring model results are often contrary to 
exact and O(h) results. Bostr6m et al. (1992b) extend this 
work to prolate and oblate spheroids, with similar conclu- 
sions. Despite the shortcomings noted for spring and more 
generalized linear models, they do offer a means of incorpo- 
rating fairly arbitrary interface layer anisotropy for which an 
exact solution may not be available. 
In this paper we present heoretical studies of ultrasonic 
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scattering from one form of interface layer anisotropy that 
does allow an exact solution in the case of spherical scatter- 
ers. The anisotropic interface layer described is thought of as 
a greatly simplified grain boundary model. The grain bound- 
ary is viewed as a distinct shell, although the exact relation- 
ship between grain boundary constituents and equivalent 
anisotropic elastic constants has yet to be developed. The 
interior, or core of the grain, and the surrounding host 
material are modeled as isotropic elastic solids using the 
notion of an effective isotropic medium (Stanke and Kino, 
1984). Properties of the shell are thought of as being isotropic 
in any tangential direction, but different in the radial direc- 
tion; we have called this condition "spherical orthotropy." 
The presumption of isotropy for the host and core is an 
approximation, since even single metallic crystals are gener- 
ally somewhat anisotropic (Musgrave, 1959; Bhatia, 1967). 
This approximation is better for aluminum than for steel, for 
example, but is quite reasonable in any case when the shell is 
taken to be grossly anisotropic. We use "effective" properties 
for the host material (derived by averaging single crystal 
properties over all rotations); these are isotropic in a poly- 
crystalline material without exture (Hirsekorn, 1982). Model- 
ing the grain boundary as a spherical shell is also an approxi- 
mation, but a convenient one in developing exact, separable 
equations. Finally, we recognize that the solution for a single 
scatterer is but the first step in dealing with a material 
composed entirely or in part of such microstructural ele- 
ments (Lax, 1951; Lax, 1952; Twerskky, 1962; Rose, 1992). 
Exact equations for this grain boundary model were re- 
cently developed and solved numerically by the authors (Mit- 
tleman et al., 1992). This work rests on the same differential 
equations but presents an exact solution in the form of a pair 
of power series which may be calculated by coupled recursion 
equations. 
Analytic Solution for Isotropic Media 
Ying and Truell (1956) solved the problem of a plane 
longitudinal wave scattered from a spherical, isotropic elastic 
scatterer in an infinite isotropic elastic medium. Our choice 
of variables and the general geometry of the problem, which 
is symmetric about the 23-axis , is shown in Fig. 1. 
Ying and Truell exploit the symmetry of the problem 
through the following decomposition of the displacement 
vector: 
= -W,  + V x (V x ~n) .  (1) 
This leads to two Helmholtz equations for the potentials, 
and 17, which are associated with longitudinal and transverse 
components of the fields in either isotropic medium. Time- 
harmonic solutions 2 in spherical coordinates are expressed in 
spherical harmonics as 
2In this paper we follow the convention used by Ying and Truell, 
assuming an e i¢°t time dependence, as opposed to the commonly used 
alternat ive,  e -i°°t .  
co 
* = ~ Lmfm(kr)Pm(COS 4,)
m=0 
oc 
and lII= ~ Tmfm(Kr)Pm(COS4, ) (2) 
m=0 
where 
m is the separation constant (an integer); 
Pm is the ruth order Legendre polynomial; 
fm is an ruth order spherical Bessel function inside the 
scatterer, and an mth order spherical Hankel function 
of the second kind outside the scatterer. 
k and K are wave numbers for longitudinal and shear 
waves. 
A crucial point to be observed is that the angular depen- 
dence contained in the Legendre polynomials is entirely 
independent of material properties. This means that stresses 
and displacements can be matched at the boundary between 
the two media by matching only those parts of the separable 
solution which depend on radial position. 
The complex coefficients L m and Tin, which give longitudi- 
nal and transverse wave component amplitudes, may be 
different in the outer (host) material and the inner (core) 
material, resulting in four sets of independent coefficients 
that completely define the solution. Their values are found 
for each order, m, independently, from the four equations 
(Eqs. (20) and (22) in Ying and Truell (1956)) that match 
displacements and stresses (u~, u~, O'r~ , and G~) at the 
boundaries between the two media. 
This method of solution can be applied to a spherical 
inclusion surrounded by concentric isotropic shells by ex- 
pressing the radially dependent part of the field in each of 
the shells as a superposition of spherical Hankel functions of 
the first and second kind (corresponding to inward and 
outward traveling waves). This results in four unknown com- 
plex coefficients in each shell, two in the host and two in the 
core; the four equations available at each interface are suffi- 
cient to solve the problem analytically. We refer to this as the 
"extended" Ying and Truell solution and use it to validate 
the present anisotropic solution when shell constants are 
isotropic. 
We also note that for a spherically orthotropic material, 
the angular dependences found for the isotropic ase are still 
valid. This statement can be verified by simply following 
the assumption that u m depends on Pm(cOs 4') and u~,' on 
OPm(COS 4')/a4' through the field equations presented below, 
but a more physical argument provides motivation for doing 
this. If we look at a composite plate, composed of alternating 
layers of two dissimilar isotropic materials, effective elastic 
constants can be calculated by requiring that strains perpen- 
dicular to the thickness direction, and stresses in the thick- 
ness direction be constant through the thickness of the plate. 
Then stresses and strains, averaged across the plate thick- 
ness, are related by elastic constants that are derived from 
the two sets of Lam6 constants in the isotropic layers, and 
the fraction of total thickness occupied by each material. 
These five independent quantities combine to form a matrix 
of effective lastic constants that displays transverse isotropy, 
the planar analog of our spherically orthotropic material 
(Postma, 1955). If the homogeneous, spherically orthotropic 
shell is thought of as a limiting case of a shell composed of 
very thin isotropic layers, then we would expect results from 
the extended Ying and Truell solution to apply; specifically, 
the same angular dependence should hold in both cases. 
Exact Differential Equations for Anisotropic Media 
In this section we derive exact differential field equations 
for waves in a medium with spherically orthotropie proper- 
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ties, when the problem is symmetric about the ~3-axis. Like 
Ying and Truell, we have solved the scattering problem for 
an incident plane L-wave traveling in the .~3-direction 3. 
Spherically orthotropic materials are characterized by in- 
variance of under rotation around any axis through an origin 
taken at the center of the sphere, and have five independent 
elastic constants. When writing the constitutive relationship 
( ~, = C,k,,~,), (3) 
the nonzero elastic constants are Crrrr , Crrcq b = Crroo , C¢&qsq5 
= Coooo, C6o¢o , C~¢ = C~oro, and C64oo. We introduce con- 
densed notation and one relationship among constants: 
Cl l  = Crrrr C12 = Crr~b ¢ C22 = C¢~bO~b 
C44 = C~0¢0 C66 = C~6~O and Cz3 = C22 - 2C44. 
The strain/displacement relationship 
1 
= ~(V~ + ~V) (4) 
also simplifies by virtue of the material's ymmetry and sym- 
metry of the incident wave around the ,~3-axis. In particular, 
we find that derivatives with respect o 0 and the theta-direc- 
tion displacement, Uo, are zero. 
The final equation needed is Newton's econd law, 
V. ~ = p~. (5) 
In working through these equations it is convenient o 
define two operators (Mittleman et al., 1992; Ying and Tru- 
ell, 1956): 
* ( f (4 ' ) )  = ~(f"  sin ~b) 
and ~2(f(&)) = ¢(af/Oqb). 
Combining Eqs. (3)-(5) results in two coupled differential 
equations in the two variables u~ and u,~: 
2 2 
= CHu .... + CH-ur'~r + pW2Ur + (Clz -- Cz2 -- C23)-~ ur 
1 1 
+ C66 r---~-~u r + (C,2 + C66)~(~u¢) , ,  
I 
q-(C12 - C22 - C23 - C66)7(I)btq~ (6a)  
(v .  + • = o 
= (c~2 + G6)-Tu.~ + (c22 + c23 + 2c66)~u~ ,~ 
2 
q- C66 u ¢,rr + C66 7 u 4a ,r -Jr pc..02 u ~ 
1 1 
+(C22 - C23 -- 2C66)7u  6 + C227(dPu , / , ) ,¢  (6b)  
where f,~ = Of/Ox and ~ denotes a unit vector in the x 
direction. 
Guided by the relationship between layered isotropic and 
transversely isotropic materials discussed above, we assume 
that, for each spherical harmonic, displacements can be ex- 
pressed as the product of an angular function (the Legendre 
3Details of this derivation are found in Mittleman et al. (1992). 
polynomial or its derivative) and an unknown function of 
radius: 
Ur m = Pro(cos c~)Fm(r ) and u~' = (P ro (cos  dp)),cGm(r ). 
(7a) 
Substituting these forms into Eq. (3) gives expressions for 
stress, which will be used later in matching stresses at the 
interfaces: 
o'r7 = Pro(cos 4~){CuF~(r) 
+C12 (~Fm(r)  - ~m(m + l )Gm(r))  } (7b) 
~rr~' = (Pm(cos ~)),45 {C66 (~Fm(r)+G~(r)--lrGm(r))) 
(7c) 
where primed quantities are differentiated with respect o r. 
Substituting Eq. (7) into Eq. (6) and using the recursion 
relationship for Legendre polynomials OPm =-m(m + 
1)P m gives the following two equations in which the radial 
and angular dependencies are separated: 
0 = Pro(cos q)) CllFffz q- 7C l l l f fn  
( 2 1 ) 
+ °°°2 + 7 (c ,2  - c22 - c23) - 7m(m + 1)c66 F,~ 
1 
- -m(m + 1)(Cm + C66)G~ 
r 
1 } 
+ ~m(m + 1)(C22 + C23 + C66 -- C12)a m (8a) 
OPm(COS 40 C66G,~ + - G6G;  
0 o4~ r 
( 1 ) 
+ p~o 2 + ~7((1 - m(m + 1))C22 - C23 - 2C66 ) G m 
1 1 } 
+-(C12r + C66)F; + 7(C22 + C23 + 2C66)Fm • (Sb) 
These anisotropic field equations can be specialized to the 
isotropic ase by setting C11 = C22 = (h + 2~), C12 = C23 = 
A, and C66 = (C11 - C12)/2 = p.. 
Solutions in the Isotropic Host and Core 
Substituting Eq. (2) into Eq. (1) gives the general form for 
the radially dependent parts of Eq. (7a) for the isotropic 
case: 
1 
F~ = Lrn(fm(kr)).r - Tm(m(m + 1))~fm(Kr ) 
1 1 
Glm = gmrfm(kr  ) - Tm( r fm(Kr)  + ( fm(Kr)),r) 
where L m and T m are constants associated with the ampli- 
tudes of longitudinal and transverse wave solutions in the 
isotropic media, denoted by the superscript I. 
The functions fm(kr) and fm(Kr) are spherical Bessel 
functions in the core and spherical Hankel functions in the 
host. 
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Solutions in the Anisotropic Shell  
To concentrate our efforts on generating a solution in the 
anisotropic shell, the "r"-dependent parts of the anisotropic 
field, Eqs. (8a) and (Sb) will be written as 
0 = rZF" + A11rF' + Alo F + K2r2F + BlirG' + BioG (9a) 
0 = A21rF' + A20F + K2r2G + r2G " + B2,rG' + B20G, 
(9b) 
where values of the coefficients can be read directly from 
Eqs. (8a) and (8b) after multiplication by r2/Cn . 
According to the method of Frobenius (Hildebrand, 1962) 
normally used for obtaining series solutions to second-order 
linear differential equations, we may assume solutions of the 
form 
oo oo 
F= ~,f i  ri+p and G = ]~gi  ri+p 
i=0 i=0 
and differentiate term by term. The resulting series, substi- 
tuted into Eqs. (9a) and (9b), give rise to a pair of algebraic 
equations for each power of "r" in order to satisfy the 
equations at all radii. The lowest power, obtained with i = 0, 
gives 
0 =forP(p(p - 1) +At ,p  +&o) +gorP(BltP + Blo) 
(10a) 
0 = forP(A21P + A2o ) + gorP(p(p - 1) + B2t p + B2o ) 
(lOb) 
which may be written in matrix form, for r # 0, noting that 
Aal =B21=2:  
/ 
(A2, +A2o ) (p2 +p + B2o) 
For nontrivial solutions we deduce the indicial equation by 
setting the determinant of the left-hand side matrix to zero: 
0 =p4 + 2p3 +p2(A lo  + B20 _A21B11 + 1) 
+p(Alo + B2o - A21Blo - A2oBll ) + (A loB2o  -- A2oB lo  ) .  
The four roots to this equation, 
M(x) = ( (x2+x+Alo)  (BllX + Blo) ) 
(A21x  q- A20 ) (x  2 + x -f- B20 ) 
and K = 
K 
The field equations may now be written: 
() Er i+P(M( i+p)+Kr2  ) fi =(0) .  
i=0 gi p 
Requiring that this hold for all values of radius means that 
each power of "r" may be treated separately; indeed, the 
indicial equation corresponds to i = 0. For i = 1 we must 
satisfy 
p 
which will only have a nontrivial solution for Det(M(p + 1)) 
= 0. However, having already fixed values of p by solving the 
indicial equation, we know that this determinant will be 
nonzero, unless two of the roots differ by exact unity. In 
general this will not be the case, and we must choose fl and 
gl equal to zero 4. This implies that the series will be either 
even or odd, as initiated by r p. 
For i >_ 2 and r -~ 0, values of f/r i and giri are calculated 
iteratively: 
(¢ ri-2 
fi ri. = _M_ l (  i + p)Kr2 si-z | ( l l a )  
Igir' p gi_2ri-2]p" 
In the special case of isotropic elastic constants we have 
already noted that the four roots of the indicial equation are 
m + 1, - (m + 2), m - 1, and -m.  Attempts to invert the 
matrix M for i=2  and p=m-  1 or p= - (m +2)  will 
fail since Det(M(m + 1)) and Det (M( -m))  are zero (their 
arguments, i + p, also being roots of the indicial equation). 
Nonetheless, for pl  = (m - 1) or Pl = - (m + 2), one may 
show that 
g2 Pl x~p l+2 Pl 
• x/1 + ) 
p = 
are related in pairs, such that if Pi is one of the roots, then 
- (P i  + 1) is another. For isotropic elastic constants the 
roots are rn + 1, - (m + 2), m - 1, and -m;  these values 
lead to power series representations of the spherical Bessel 
and Hankel functions that appear in the Ying and Truell 
solution. 
Associated with each root are values of f0 and go which 
may be determined (to within a rnultiplicative constant) by 
considering either Eq. (10a) or (10b). Once these are deter- 
mined, other terms in the series are calculated by the itera- 
tive procedure described next. 
For each order, rn, of the indicial equation, we define 
exists even though M-l (p l  + 2) is indeterminate (explicit 
expressions are given in Appendix A). It should also be 
pointed out that for the roots P2 = (m + 1) and P2 = - (m) ,  
4When roots do differ by unity (for example, in an isotropic material, 
when m = 0 the roots are 1, 0, -1 ,  and -2 ,  or when m = 1 two of the 
roots are 0 and -1 )we will have Det (M(pa) )= 0 and Det(M(p2 + 1)) 
= 0 where both Pl and P2 are roots of the indicial equation and 
P2 + 1 = Pv In these cases, the series corresponding to the root P2 will 
contain both even and odd powers of r. However, those initiated by the 
term r p2+1 will be the same as the series generated by the root Pv 
Hence, without loss of generality, we can set f l  and g1 to zero. 
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while for the roots Pl = (m - 1) and Pl = - (m + 2), 
Therefore, when P2 = Pl + 2, the values calculated by Eq. 
(llb) for ( f2)  maycontainanadditivemultipleof ( f ° )  
g2 Pl g0 P2 
and the series corresponding to the root Pl may contain a 
multiple of the series corresponding to the root P2. When 
boundary conditions are matched, however, the coefficients 
of each series will account for this uncertainty. 
We are therefore led to a complete solution for displace- 
ments in the anisotropic shell formed by a linear combination 
of the four series 
() {Fr~" I iCrnkrPmk~o fi • (12) 
1a~]  = k=l  .= g,  Pmk r ' '  
where the superscript "S" (denoting the shell) and subscripts 
have been fully restored ("m" denotes the order of the 
equation and "k" indicates which root of the indicial equa- 
tion is involved in each series). This solution may now be 
differentiated term by term, as needed, to calculate stresses 
according to Eq. (7). For each value of m, the eight available 
boundary condition equations (matching two stresses and two 
displacements at each shell surface) are used to solve for the 
four coefficients in Eq. (12) and the four coefficients associ- 
ated with the L-waves and T-waves in the isotropic host and 
core. 
Far-Field Scattering Amplitude 
Far-field longitudinal wave scattering amplitude and scat- 
tering cross-section may be calculated from the field equa- 
tions in the isotropic host material, according to formulae 
presented by Ying and Truell: 
7r 
SA(qb) =-  ~ Pro(cos qb)(Lm)ei7 m 
m=O 
= 4~r 5 . Lm)*(Lm) =02m+l  
where SA(~b) is the longitudinal wave far-field scattering 
amplitude, 3~ is the total scattering cross-section, and the 
coefficients L m and T m describe L-wave and T-wave compo- 
nents of the scattered field in the isotropic host. 
Numerical Validation 
Numerical results for calculations based on the exact 
anisotropic solution (shown as "Series" in Table 1) for scat- 
tering from an anisotropic shell were verified by comparison 
with existing results for isotropic and anisotropic shells over a 
wide range of thicknesses and values of ka 1. In the limiting 
case where shell thickness approaches zero, comparison was 
made to the Ying and Truell solution, and in the case of a 
shell of finite thickness, but with isotropic properties, results 
were compared to those calculated by the extended Ying and 
Truell method, shown as "Y-T shell" in Table 1. (This latter 
method was itself validated by comparison to analytical re- 
Table 1 Scattering cross-sections (mm ~) calculated by the exact 
and finite difference methods for isotropic shells 
ka =0.01 
Thickness (tara) 
Ying&Truell 
Y-Tshell 
Finitc Diff. 
Series 
0.00 
.73073E-08 
.73070E-08 
.73072E-08 
.73072E-08 
0.001 0.01 
.72341E-08 .65933E-08 
.72334E-08 .65922E-08 
.72332E-08 .65922E-08 
0.1 
.22573E-08 
.22262E-08 
.22075E-08 
ka =0.1 
Thickness (ram) 
Ying & Truell 
Y-T shell 
Finite Diff. 
Series 
0.00 
.72480E-04 
.72480E-04 
.72480E-04 
.72480E-04 
0.001 
.71749E-04 
.71749E-04 
.71749E-04 
0.01 
.65409E-04 
.65409E-04 
.65409E-04 
0.1 
.21988E-04 
.22173E-04 
.21988E-04 
ka = 1.0 
Thickness (ram) 0.00 
Ying & Truen .25443E+00 
0.001 0.01 
Y-T shell .25443E+00 .25279E+00 .23837E+00 
Finite Diff. ,25443E+00 .25279E+00 .23837E+00 
Series .25443E+00 .25279E+00 .23837E+00 
ka = 10.0 
Thickness (ram) 0.00 0.001 0.01 
Ying & Truell .11237E+02 
Y-T shell .11237E+02 .11199E+02 .10845E+02 
Finite Diff. .11237E+02 .11199E+02 .10845E+02 
Series .11237E+02 .11199E+02 .10845E+02 
0.1 
.12102E+00 
.12156E+00 
.12102E+00 
0.1 
.76792E+01 
.76674E+01 
.76792E+0l 
Host 
ShelI 
Core 
MATERIAL PROPERTIES 
Densi!~ ] L-wave velocity T-wave velocity 
(gin/era) (kin/see) (km/sec) 
7.00 6.00 3,00 
8.00 6.50 3,20 
6.00 5.00 2,50 
Outer radius for all shells: 1 mm 
Table 2 Comparison and maximum scattering amplitudes calcu- 
lated by the finite difference method and the exact series solution 
for spherically orthotropic shells 
Constituent Material Properties 
Density (host & core) 
L-wave velocity (host & core) 
T-wave velocity (host & core) 
Outer shell radius, al 
Inner shell radius 
ka~ 
Density (inclusion) 
L-wave velocity (inclusion) 
T-wave velocity (inclusion) 
2.706 gm/cm 3 
6.39 kin/see 
3.141 kin/see 
1.00 mm 
0.99 mm 
10.0 
3.181 gm/cm 3 
12.21 kin/see 
7.69 kin/see 
Shell Properties 
1.00 
Density (grn/cm 3) 3.181 
C, (GPa) 474.2365 
Cz~ (OPa) 474.2365 
C~6 (GPa) 188.1119 
C12 (GPa) 98.0126 
C23 (OPa) 98.0126 
Maximum Scattering Amplitudes (ram) 
Volume Fraction Inclusion 
1.00 .90 .66 
Finite Difference Method 1.4860 1,3645 1.0518 
Exact Series Solution 1.4865 1.3653 1.0527 
Volume Fraction/ncinsion 
,90 .66 .10 
3.1335 3,195 2.7535 
356.7819 223.7704 119,6705 
436.8362 I 348.9590 146.5221 
117.2317 i 61.56,11 29.2029 
84.8010 69.8394 58.1300 
92.8953 82.4973 60.8449 
.10 
.17935 
.17954 
suits given by Datta et al., 1988). For anisotropic shells 
results were compared to earlier work based on a finite 
difference solution to the anisotropic field equations (Mittle- 
man et al., 1992), as will be reported below. Because the 
finite difference solution is essentially a Taylor series solu- 
tion, which is distinct from a Frobenius series solution, these 
two calculations are quite independent. 
In Table 1, scattering cross-sections calculated in four 
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different ways (i.e., Ying and Truell, "Y-T Shell", Finite 
Difference, and "Series'9 are compared for shells with 
isotropic properties. Thickness is given as a fraction of outer 
shell radius, and ka~ is based on the incident longitudinal 
wave number and the outer shell radius. 
In Table 2, the exact series solution is compared to the 
finite difference method for anisotropic shells. The elastic 
constants used for these calculations were taken to be the 
same as those of a transversely isotropic material having 
varying volume fractions of silicon carbide in aluminum and 
having the infinitesimally thin isotropic layered structure 
discussed in connection with the separation of variables. The 
excellent agreement between the finite difference and exact 
methods of solution is a result consistently obtained for thin 
shells such as this one, for which kAa = 0.1; however, as 
shell thickness becomes comparable to wavelength, the finite 
difference solution outlined by Mittleman et al. (1992) deteri- 
orates. 
Results for Anisotropic Shells 
The effect of shell anisotropy on scattering was studied by 
calculating the scattering amplitude for a variety of shells 
embedded in aluminum and surrounding an aluminum core. 
In a previous paper (Mittleman et al., 1992), elastic constants 
were arbitrarily varied to test the validity of finite difference 
calculations, and it was found that both the magnitude of 
scattering and the angular distribution of energy were sensi- 
tive to variations in C~,~.  In this study, elastic constants are 
varied according to theories for transversely isotropic com- 
posite materials consisting of a mixture of aluminum and a 
second material representing precipitates which decorate the 
-- I -- ~ Dashed Line ahows 
~ ~ normalizld SA = i 
f 
J 
J 
SA SA(0) =0.180 
' , / /11 ,' 
! i t u d e n o r m a l i z e d  by SA(Pi) I normalized by SA(O) 
Fig, 2 Scattering amplitude for 10 percent SIC/90 percent AI shell in aluminum. Maximum 
scattering amplitude = 0 ,18  mm. 
SA(Pi) =0. 054 / ~ / / / "  " ~" 
Back Scattered Amplitude 
normalized by SA(Pi) 
Fig. 3 Scattering amplitude for 90 percent SIC 
scattering amplitude = 1.37 mm. 
~ ~ Daahed D ine  ahow~ 
~ ~. ~ normalized SA ~ I 
%% 
"s~ (0)=1.37 
/ /  
Forward Scattered Amplitude 
normalized by SA(0) 
lO percent AI shell In aluminum, Maximum 
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grain boundaries. For these second phase precipitates, ilicon 
carbide was chosen as a material having a density similar to 
that of aluminum, but very different wave speeds, while iron 
was chosen as a material having similar wave speeds but a 
different density. 
Results shown in Table 2 are excerpted from a more 
complete set of calculations where scattering cross-section 
and maximum scattering amplitude were computed for shells 
composed of varying volume fractions of silicon carbide pre- 
cipitated in aluminum. Figures 2 and 3 show polar plots of 
scattering amplitude for the shells presented in Table 2 that 
contain 10 percent and 90 percent SiC, respectively. To 
emphasize the angular distribution of scattered energy, the 
right half of each of these figures is normalized by the 
maximum forward scattering amplitude, while the left half is 
normalized by the maximum back scattering amplitude. While 
there is little variation in the forward scattered fields' angular 
distribution (this being the shadow-forming scattering), there 
is considerable variation in the distribution of back-scattered 
energy. Similar calculations for iron precipitated in alu- 
minum showed similar results for the angular distribution of 
energy in the forward scattered lobe, but variations in the 
backscattered lobes were far less pronounced than was the 
case for second phase SiC. 
Transverse isotropy in plates (or spherical orthotropy in 
shells) may be generated by the layered structure previously 
discussed; we call this the "plate model." In fiber-reinforced 
composite materials, however, transverse isotropy can also be 
produced in a number of other ways, one of which is to 
arrange the long axis of all fibers perpendicular to the 
thickness direction of the material (contrary to normal prac- 
tice in laying up thin composite materials); we call this the 
"fiber model," and analytic results for elastic constants are 
available (Christensen, 1979). Principal elastic constants (CH, 
C2z, and C66) are shown in Fig. 4(a), for a shell composed of 
silicon carbide dispersed in aluminum. Note that the roles of 
Cx~ and C22 are reversed when the plate model is compared 
to the fiber model. The off-diagonal elastic constants (not 
shown) are quite similar for both models. Figure 4(b) com- 
pares anisotropy, CH - C12 - 2C66,  for the plate and fiber 
models, under these same conditions, and shows a substantial 
difference, primarily due to the reversal roles of C H and C22 
Ci 
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Fig. 5 Backscattered amplitude for a shell composed of SIC In aluminum 
noted above. We now look at scattering amplitude in the 
backscattered direction, as a function of second phase con- 
centration, for the two spherically orthotropic morphologies, 
as shown in Fig. 5. For each, we find a nearly linear depen- 
dence of scattering amplitude on concentration, with enough 
similarity in their magnitudes to suggest hat for practical 
purposes, using either model for predictive calculations would 
be adequate. Numerical results for iron in aluminum showed 
a similarly linear dependence of backscattered amplitude on 
second phase concentration for both the plate and fiber 
models. 
Conclusions 
Exact differential equations for elastic wave scattering 
from spherical shells with transversely orthotropic properties 
(five independent elastic constants) have been derived. These 
equations, which are written in terms of displacement, are 
separable. As with scattering from an isotropic sphere, the 
angular equations are satisfied by Legendre polynomials 
which are independent of material properties. Unlike the 
isotropic ase, the radial equations are not satisfied by spher- 
ical Bessel functions, but exact series solutions were obtained 
by the method of Frobenius. We found that the iterative 
procedure for calculating series' coefficients requires special 
treatment when elastic constants are isotropic and present 
the appropriate xpressions. 
Scattering amplitude and cross-section results were vali- 
dated by comparison with exact solutions in the case of 
vanishing shell thickness and in the case of isotropic elastic 
constants. Agreement was excellent over a wide range of 
shell thicknesses and values of ka. Calculations were also 
performed for a variety of anisotropic ases and excellent 
agreement with a previously validated finite difference solu- 
tion was found. 
Numerical results for shells composed of SiC or Fe in 
aluminum showed a reasonably linear dependence of scatter- 
ing amplitude (in the backscattered direction) on concentra- 
tion. This dependence was found to be insensitive to the shell 
morphology assumed. Absolute amplitude measurements may 
therefore be useful in characterizing grain boundaries deco- 
rated by second-phase precipitates. 
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APPENDIX  A 
Values of Coefficients 
Equation ( l lb ) :  
x~pl+2 Pl 
(,':) 
(;:) 
(;:),m_,,=(:) 
f2 )  = -K12 
gz (m-l) 2(1 + 2m)(3  + 2m) 
X(  m((2  + rn) + u( l  + m))  + v(3 +m)  
-(m+2) 1 
-K? 
-(m+2) 2(1 + 2m)(1 - 2m) 
(1 + m)( (1  - m)  - vm)  
× ( l+m)-  v (2 -m)  J 
c n K~ 
where v 
%6 K~'  
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